Exam Elementary Particles
June 21, 2023
Start: 15:00h End: 17:00h

Each sheet with your name and student ID

INSTRUCTIONS: This is a closcd-book and closcd-notes exam. You are allowed to bring onc A4
page written by you on both sides, with uscful formulas. The exam duration is 2 hours. There is
a total of 9 points that you can collect. Usc the official exam paper for all your work and ask for
more if you need.



1. (3 points) Consider the SU(N) Yang-Mills theory coupled to Dirac fermions in the funda-
mental representation of SU(N). Under the local gauge transformation and employing the vector
notation, onc has:
P(z) = U(z)(x) (1)

and

Dyy(z) = U(z)Dyui(x) (2)
with D,y = (8, + A,)¢ and U(z) a special unitary matrix. Show that the transformation of the
gauge field A, (z) implied by (2) under SU(N) local is:

Au(z) = U(z)Au(2)U'(z) — (9,U(2))U" (z) 3)

2. (3 points) The Lagrangian density of the Fermi theory for leptonic weak interactions reads:

Lo= Gy =raly (4)
where B B
Lo = Z ™) (2)igyp ™ + Z O () (i@ — my)wp® (5)
l=e,u,7 l=e,u,T

is the Dirac Lagrangian for free massless neutrinos and massive charged leptons, and:
GF
Ly=="=JrJ} 6
oL ] (6)
is the 4-fermion interaction Lagrangian with Fermi coupling G and the weak leptonic current:
Ju= D @l — 1)y () (7)
l=e,u,7
a) (1.5 points) Derive the canonical dimensions of fields and couplings in gencric d spacctime

dimensions. [Show your work]

b) (1.5 points) For which spacetime dimension is the theory renormalizable? [Show your
work] L.e. explain your reasoning by also employing the superficial degree of divergence
cxpression.

— Bonus Question (1 point) For the renormalizable theory in b), find the finite set of su-
perficially divergent amplitudes, i.e. draw these amplitudes and determine the corresponding
valuc for D.

Useful formulas:
e The superficial degree of divergence formula for this theory in d spacetime dimensions reads:
D = d — [coupling|V — [Y]Ey (8)

where [ - -] stands for the dimension of its argument, V' is the number of vertices and Ey is
the number of external fermionic lines.



3. (8 points total) The flavour-changing process b — sy docs not occur at trec level in the
Standard Modcl. It occurs at onc loop and onc of the dominant contributions is a loop involving
the top quark and the W boson as depicted in Figure 1.
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Figurc 1: A onc-loop Standard Model contribution to b — s7.

The relevant interaction Lagrangian reads:

€

E]-——m(VVJJi—FVV;Jﬁ)—%eA#Jé‘m (9)
with currents
JE = Vgaiytdy = %ﬂiv"(l —5)d
JE o= (I = (VDydiyid = (VT%ffi“/“(l ~ 75)
T = Y Qe (10)

where quarks are massive and currents as well as Figurc 1 arc written in terms of the up- and
down-quark mass cigenstatces:

af = dmedl, 1=128
g = [d% 0k A=l 23 (11)

so that Vj; is the corresponding (ij) entry of the CKM mixing matrix V for the three quark
generations.

a) (1 point) Write the rclevant Feynman rules in momentum space in terms of Dirac spinors
by employing the Lagrangian density (9).

b) (2 points) Write the amplitude for the diagram in Figure 1.
Hints:

e Given the Dirac spinor ¢, one has: ¢ = qr + qr, With gz g = P rq and the projectors
B = (1 =ag )8 e Pp =1 =¥y (2

e Electric charges are Q; = 2/3 for up quarks and @Q; = —1/3 for down quarks in units of
e = lel.



e There is an intcgral [ (;1—;’)“—4 for each indcpendent internal momentum k.

e Employ massive propagators for the quarks and:

Kk,
/I Vi

kQ—M‘%V—*‘?:E

iD (k, M) =i

for the massive W= boson.

(12)



